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ANALYTICAL METHOD OF APPROXIMATING THE MOTION OF A SPINNING

VEHICLE WITH VARIABLE MASS AND INERTIA PROPERTIES ACTED

UPON BY SEVERAL DISTURBING PARAMETERS

BV .JAME:, .I. I'_UCI,IA, (]EORC, E l{. YOUNC, .JEssE D.

"rIMMON_, add }tF:LF:N S. BRINKWORTI!

SUMMARY

zln analytical method i,_ pre,_'ented which, approx:-

mates the fliyht-patl_ deviation, <( a variable-mass,
rariable-'inertia, spir_.-,s'tabilized eehicle under the

il_fluelwe q{ (a) il+itial pitchhtg motim+.,., (b) thmt,,.t

n, i,salinement_s,, and (c) l_rincipal-axis m i,_'alinemem,
or dynamic _tnbalance. 7"his method include,_' a

fir,st-order analysi,_ of the effect of jet dampin,9 on
the re,_d/incj flight lmlt_.

+-lu ea:ter._'icc analysis was au'ried out or+aJ_ IBM

70/_ electronic data t)roee,_,,sing machine, by ilde.qrat-

ing uumer_call!l /lie ,_'b:-degree-of-freedom, equation,_.

qf motion qf a thrusting body u'ith _ariabl, ma,_'s amt

;ner/b_. l'ldu corrtputer analy,_,is uuts intended to act

as a eheelc on the method dereloped hereh+, and also
to pre,_ent other' inrestiflators u_ith es'act numerical

an,_.wcr.s, u:ith which to compare their' own, rc._ul/s.

The re,_'ults l)'om, the analytical ,_'olulim+, are com-

pared with the re,_'ults.from the numerical hdegratim+,

amt the result._' are Jour.I to agree well in, all ca,s'es
where no large chaJ+ge in in,ertia ratio was inroh'ed.

The re,sults are pre._elded h+ tcr'm,_ of/be angular

deciation in space of the eelocit 9 _'ector from its
umt;._'turbed orie_dation, a,_,a.fu¢wtion of spil_ rate,

for' each of the dislurb:n.q parameh_r._'. It is bdkwcd

th,tt this celocity-eector de_,iat;on a,_' a fu, netio:+, of

.spi_ rate i,_,a n,uch more intuitice in,<hcafiou of the

dispersiou than the body attitude 'ir_ space, which is

the mo._t {requently _tsed paran_eter in, ._pi_-.s'tabilica-
tio_ dise_r_sions.

INTRODUCTION

With the fairly rec0nt ndvenl of very-high-

altitude rocket vehicles, the en_zine<,r has become

faced with the difficult, probh,J_ of adequately

stat)ilizin_' his vehicle in lhe region where the

atmosphere is so thin that conventional aerody-
IDIIIlic com rols are rendered usoh,ss. One possit,h,
means of stabilization is the use of reaction con-

trois ill place of the _tevod3"llnlni(" ¢Olllvols. ]low-
ever, in view of 11,, diminutive size of some of the

presenL-day probes and s_ttellite injection stages,

a ¢_ontrol system of lhis type would impose :_
severe weight, penalty on this final stage, tIent_e,

some other means of pitch altd 'caw al,litu<h'
slabilization must be considered.

B_fllislicians [[_tvo |o11_ kllOWll that a spinninff

shell deviates from a predetermined flight path

l|lllCh, loss thrill ;l nonspinning shell. I1 thus
seems nalural to atteml_l to atlil, ttde stabilize ,_

rocket vehicle by spi,ning it, and, indeed, this
method has been sm'ces,sfully used ah'eadv in the

\'an_zuard, Exphwer, aml Pioneer vehicles, and on

,_cout and mher vehicles currenl, ly being designed.

Spin, however, is not a era'e-nil: sl)inning a vehicle

gives it :t constant a ltiltttte in inertial space, but

nol st,abilily along the {tOtlSt:lllbly changing l,au-

_'ent; to Vhe tlight path. tlence, if a large chango

in ttighl-p,_th anffh, is involved, the method of
spin sl_tbilization may not, be applic_d)le. F,pin

stabilization is vet"3" effective, however, iut the case

of a satellit, e htuncher where the last stage, lhe

injeclion st, age, is fired at, nearly horizonl.a.l tlighl-
path and al,t,itude a ugh,s and il is desit'+,d to burn

out lifts stage in such :_ manner that tire final

vehwilv vector will he nearly horizontal.

_ome investiffalors in lids liohl (for examph',

refs. 1 and 2) have chosen a_ a crilerion for spin

stabilization the attitude of lhe body, defined I)y

the two Euh'r _m_h's in I)it_4t and yaw. It, is fi,h,

1
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howover, ilia! a I,mow]edge of tilt, vehirh, attitude

alone is not the best rriterion for determining the .I,H,D,P"
effects of various ex(nmeous fortes, because (he r'

attilmh, ,done does not indicate the final orien-

lation of lhe velocity vevlor nt slage burnoul, c'
This veloritv-vector orimltaliml is believed to be r:--1, 1/..-;er

;u hetler indication of the dispersion cfferts sought. ('1, ( '2,( i,( '2

Consequently, it., data presented herein at(, givml H;;

as deviation of the velocity vector from its undis-

tin'bed orientation av, a function of spin rate for

several extermd disturbiug forces.

The two methods in most gcm, ral use for deter- H,:

mining dispersion of a Slfin.i.g vchirle, with the
body attitude a:-; u rriterion, arc lhe methods of

Nirolaides (rcf. 1) and Jarmolmv (z'of. 2). Nico-

l:ddes deterntines tit,' dispersion in lernt:-; of angle HT

o[ _ltiack a ar.I mtgh' of sideslip _t his parameter
is cssentiallv ,,a_ff -;. ltc also includes aerody-

namic oIt'ects, which are neglected her{,. [[owever,

}., <'o.siders thv vohivh, mass and mom(,.ts of i,.,j,.,k,,

iw.,rlin, as well as ll.' ;_pplied mommlt a.d forward

vch.'ity, to be rom.;la.lts, llis results, therefore, i,.,j.k.
('annot bC IlSed I0 slmlv the disl)0r.'.;ion of a spin-

]lill_Z l'O,cke|, dul.in_ its |hl'UStin_ phase. /x,lr, z

,hwmo[w,v, on the other ha11_], ronsi(lers the rase

..t' ,,-_ri;_l.h, m.ss, mome.ts .f i.ortia, ..d appliod
moment ; but he disrusses o.lv the l.ody allitude, l

Also, amflvtiral results .re givon only for tim pitrh lrz,lx_,lxv

a.d yaw ,.al_,_in a body-axis system. Numcriral

integratiot_ must still lu, use¢[ to find the pit.h =..l

yaw Euler an_les.

The molhod t.'o:rJ)led heroin utilizes expont.Jl-

lial al)F,r,t)ximations for lhe variation of lhe ratio

of the applied nlonwnl lo lhe pilrh moment of
im, rtia, and for the ratio of thrust to linear mo-

mentum, whirh appears as a I)ILI'HIII('(Iq" ill lh("

translatim_ (.qu.lio.s. These al)pr()xim.liot_s

make possible a.aIyti(.a[ sohLtion_ for pit('h and

yaw Euh,r a.gh.s, _t.t also expressio.s dcli.i._z the

anguhn'deviations of the velocity vc('tor. These

exprossion_ inrlude linear dampitlg in pilrh and

v;tw. The followi.ff additiomd assumption: aro
made: t]w z'ali_) of roll im.rtia to pilrh imq'lia i:

r,,nstant; the vehi('le is rigid and has rotaliomtl

.,.:.yllllllelrv; thcro is .o roll nlonlotH; olllv small

angles are (.onsi(h, red; If.. molion takes pla('e it. _i.
vavuum. This study was initiated to dolcrmi.c

the (.trv(.t of v.rious (]istm.bit_g I).ranwt(.rs on th(. r_

iliffht path of a solid-I)rop(.llant rorkol nmlor

similar lo the timd sta_e of Ihe .":,cmd. z'e

SYMBOLS

('()llSl fill t,q

pitch and yaw (lalnl)ing (!o('ffi('i('nt,
fl-lb-sor

('()list allls

all El|h|r-IllOlll(,IHtllll v(,('ior ()f ve-

hi('l(, with r(.sp(.(.t to ('enter of

_zravily in .r.,y:,,_:, roc, rdim_le
syst (,m, slug-ft"/sec

HII_HIIII'-IIIOI|I(qI{|IIII vector of ve-

ifirlewith respevt to comer of

_ravity in x:,!t:,:: ('()ordinal (, s3s-

t('m, shzg-fl "/s(,r

;tl]_Ilhll'-lllOlll(qll. lllll vector of re-

hide .rid jet with respect to

('enter of gravity in .ro?l,.,z,, ('o()r-

,linate system, slug-ft2/se( '

trait v(.('t(.rs ;thm_ th(, A':, )',-
aml Z0-axis, r('SlW('livel.v

u.it v(,,'tors ah). g the X,-, )',-,

and Z,-axis, r(,sl)(,rliv(.lv
vehirh, nl()nWllts ()f inertia nl)()tll

X,,-, )',.-, a.d Z,,-,xis, r,,sl)(,c-

t ivel.v, ..-:]uff- fl -'

lr or lz (v. hcre Ir=lz), sluff-fl-'
vehi('h, prodm'ls of inertia al)oul

X,,-, )',,-, ;rod Z_,-axis, r(,spt,(,-

rive[v, ,qu_-ft _

/ h,._th from vohirb, ro.ter of _rr.v-

it v to ll()zzlo exil plan(,, ft

M dislurlfin_z-moment verlor, 3/_.ci:

-!-.ll_j,.-_ :llzk,., ft-lt)

A[ magnitu(le of _[istm'l)i.g m(,m(._t,
ft-lb

;. mnss of v.,l)i('h,, slugs

m,, oh,merit ()f mass, slugs
)1

.11,, = . 'tl. t=l), 1 .s{,,'-'

Ix

;_= i-'"' rn(lians s(,r

]),q,r a]_guhu'-veh)('ity ('OlllpOllt'llt S Ol
vehi('h' nil(nil .V_,-, 1"_-, lln(I Zt,-

axis, reSl)e('tiv(,ly , ra(lin]_s/ser
unless oth(,rvcise in(li('al(,d

distance frolll ('(qll('r of gravity {()

j(,1 exit, ;',.xi,.+,',.rj:-_ ,',zk. f'

magnilud_, of r,, fl
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A¥, )'c,Zc

tilllC_ St!t3

i [II'|ISl , 1[)

vehh'h, velocity yet'to,', fl/:sec

Inagnit I|de t>f V, ft/sec
jet exhaust veh)city, l..:,.i:÷

V,..rj.+4 I',,, zk. ft/sec

magnitude of V,, ft/s('c

coortlimttes mensured nh,ng body

.V_-, }'.-, and Z,,-axis, respec-

li`.+ely

lm,dv-tixetl system <>f twlhogotml

axes, origin at body center of

_zra'vit 3-
COol'dillates ]neasur't,d along' .\',--,

}',+-, and Z,.-nxis, respecli`.:ely

system of <)rthogonal axes which

pilches nml vuws `.vilh vehicle

hul th,es not roll, origin at ho<13-

center of/ravily
coordilmles of elemetH of ]nnss

causing" <lyuatnic unl)nlance

altg'It' (:,f attack ra<lians

allg'l(' t>f sideslip, rtl+(li++lliS

orielltaliotl of ve]oci[3 r vector in

verticnl Fdnne, rndians

lhl'llSl misnlinement an/h,, t'ntlinns

(t.xt'el)t as IIoletl)

principnl-axis Inisalinement an_'h,,

l'allialls (ex<'el)l as tlolt't[)

orietltatitm <)f veh)cilv vet'for in

hc, riztmlnl phtne, ra<linns

tolal orientalioH of vt'[ocilv vector,

ra<lians (t,xct,l)l as Holed)

pitch F]ult,r allgl<,, radians (except
ns nt+lt,_l }

xax+ Euh, r till+h', radians (excepl
ns Imted)

:tllg'tlhtl' velocity of n,,nrolling sys-
tent in inertial space, <.0r:j,-4

wz:k,., I'adittllS/St+( '

t'Onll:,onenls of oa: a[on_ }',.- nntl

Z,,-axis, I'('st)('('l ively, ,'adians/scc

th, nt)lt,s tluantitv nt zero lime

t'Ollll)OllpItlS lmralh'l to :V+,-, )*_,-,

nnd Z,,-axis, respet+tively

coral)Orients lmrnlh,l to .V,.-, )',.-,
and Z,.-ttxis, respeclivel3 +

A dot over tt (lttnntity th,tmlt,s dilferentiali<)n

with resl)ect to time.

ANALYSIS

The mathemnlical anal.vsis of a spinning ro<'ket,

differs in several respects from thnt of ,t Slfinnin,,.,,

projectih,. In lhe lit'st place, the rocket hns mass

,mtl inertia I)roperlies which vnrv with lime,
whereas lhose t>f a spinning I)rt)jectih' nre constal:ll.

Secon<lly, the l'Ocket t!tl.ll [lltVP tl Illt)llllqtt dut, to tt

thrust misnlinement. This momenl, which is

lixed to tilt, spinning vehi<qe, gives rise to motions

not fottnd in tilt, analysis of p]'ojectih, motion.

The motions due to an initinl pitch or +caw rate
and tl tlvnanfic unl)ahnwe are common It) both

tyl)es t>f bodies, but tilt, ttllttlysis I)et'O]ll('S more
involve_[ when +t vnriat)h,-I)roperly vehich, is dealt
wit It.

Tht, t'tlunliolls of nit)lion I)l'()gr+tlll('d <)It the

I I',._[ 704 eh,ctronic data processing machine for

Cmnlmrison lmrposcs in this st tt<l v art, t he standard

six-degree-of-freedom equations found in m<)sl

aertmautical lexll)ool,:s (for eXamlfle, ref. 3).

The e<lUnl i<)ns l)rogrametl, :tlong "+',itIt the various

trnnsfornmlitms thai v,ere usetl, +tl'C l)rest'rlte_l for"

I'('[(H'Pllt'(' ill tilt, appendix.
An npproximnle nnalvl if'at method of predicl ing

Ihe (h,viation of the velocity vector due Io ihe

e[t'ecls of thrust misnlinemenl, inilinl pitch rate,

and princilml-axis misalinenu,nl will l>t, develolJed
in this section. Two cot)r(linnle svslems will I)e

used in lhis amtl`.sis. The lirst (.r,,,?l,,,:,,) is a
1),_dv-fixe,l coordinate svsl<,nt with axes fixed at

tilt, cenler of !Zt'avity t)[' tilt, vchich, ,tnd the

ct)t>rtlinate .c,,extending' alon_ tilt, lu>tl v longit udirml
axis. Tht, set.oriel ct+ordimtte system (._',.,_,I:,::+),itt

whi<'h the t,qtmliotls of tnotiotl `.`.ill be <It,rived, is

referred to n 1)ody-tixed system of "txes which can

1)itch and vuw with the vehich' lml does not roll
wit h it. Tire two sels of <'o<)rtlinnle axcs are alitu,d

tl.t 1_0. (_ee tig. 1.) The pitch Euh,r ungh, 0

and tilt, yuw ]:;tiler nngle ¢ are assumed to he small
St) tllttl 111(' Ol'l]Ol' of Ill(' Elllor I'otltliOll iS illllnat(,-

Hal. This assttmlHion t>t' small angles simF, lilit,s

lilt, integration fort and _, the Ili_ht-path angles
itt tilt, vertical and horizontal planes, respect ivcly,

nnd also ])ermils these tlighl-lmth nng'les to

<.ombine veclorially It) give _, the nn/h, between

lhe vt,h><'ily vector and stone tixed refe,'ence line,

taken here as the longitt,dinal axis of lhe vehich,
at Zel'O lime.

The angular-nmmt'ntunl vcctor of the vt, hi<'h,
in the L/"b,_/la,_'?,SVSI{'III instantaneously lixed ill
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l"[l_l'ti_; 1. ('o(q'(Ihialt' _;ys|i,lli alid (t_'fiilili_)li i)f _,VIIIt)IiL_ ii_l'(t in :lliulyiil':ll d_'vl'l()l)nu'iil.

inertilil Sl).l(,(, ('all h(, wrilN,n

H_. _(L,p-- L,,<s- l,-_r)i<,_ ([,-q- I).,,,'-I:<-,-p)j_

-- (lz_--l,._l,--Irz<s)k_ (l)

Now, ill liie noliro]ling s vsienl (xoyc,zc) , which

hll._ linl;tlllir v(,lo('iiy in ili(,l'lilil Sl)llt'e,

w,. :(O,_orc, wzc) ,0r<j<-_-wz<k< (2)

The e(;ualion of molion atioul lhe vehicle eenler
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(ff gravity is wh,,re

dt (3) c' = _i;,,;:+

The rate ,)f change of angular momentum with

respe('t to the vehicle ('enter of gravity il|eh|dittg
jet effect is

dHr dH .... u . )<
dt -- ,?t -ww+_..._fi, r_ (.,_?_r+--V,) (4)

where _0, ._H,. takes into n<'COlt||t the rotation

of tim co(>rdim_t(, sxst(,n].
11 i'+ usually conv<,nti<m+ll in lnis..+ih, work to

choose the body .×es as F,rim,ilml axes and to,
_lS%lllllP It S.VIllTll('| i.i(,a[ vohit.h,, so 1]ltll

Ir=lz : I "_
Ixv - Ivz = Ixz= 1)

..J

With these assunlpliotts, equation (11

v,-riltelt in lhe nom'olling system as

(51

lllll V ])0

If 1}u, ft|rthee' assumpti(m:-; aro made that the

jet is located on tim .\',-axis and the jet exit
velocilv rohHive 1o the nozzle exi! is dirovted

ahm V lhe l|egalive .Vc-aXiS, then

tlll(t

)1 c. Yr = I ,Zc =1}

f'+ Xc l'r t

f"e "t'c r+,zc :0
J

(7:)

(S)

Exl)al|siol; of equation (31, wilh the aid of sub-

stituliolls fl'OIll O(ltl'lliOtlS (2), (4), II111| ((}), yields

-- (I_z_-F-"I¢oz_-Lvt,+or_+ h+r_+oz_)k+- 5I 0.0

If dampillg ill roll is l|egh,('tod (I hal is, if )x=/I),

e(luation (,()_ b(,('<)nu,s, in ('Olnl)O])(,nt forn|,

I_@ -- 3Ix ( 1(la)

I& v__ I_vp_z_ + C'O_vc= .lit (10b

I(cz_-- Ix/,oar_-_c'o:z,. Mz (lt)<')

Tim quantity c'/l(--c) will 1)e <'(msidere<l eOl|slat|l

for this a,u,lysis.

] f i lU' |lssuIntIi ions are Ill(till, | ]/lll 1he (list |u'l,ing
mometlt lies ill the vertical plane al zero time

and that th(,re is no lll(+]llOllt about the roll axis,
then

.lfv (1 "_3Ii.= 3[ cos pt

3Iz :lI sill pt 9

(111

and equations (10) he('onu,

]_vl): () (12a)

.![d,v_ [x/W_z_@C cur+ 3[ cos pl (12t))

l[oze--Y.vlJ_ove@crcozc +if sill ]Jl (12+ 0

Equation (12a) inlnl(,_lialely slkoxxs that

]Aq

;tit(1

], : ( 'onst tt n t :-- Po

IX-

-/ l,o ,

3I
-I ..... ll,,+ "

l:-_)

14

11 is assl|]|l(,<l thai the ralio lx/'l is COl|slal_l: .If+

and k aro also vonslattts, fotmd by filling an

(,Xl)Om,nlial to tlt(' fu||(!tion MTI as showtl in

equation (14). Thel| e(Itmtiol+s (121_) alld (12<')
l)e('Olm,

coy++ncoz.. _c¢or+ .lfd ++cos 1,.1 (15a)

&z_--n+or_ ! CCOz+ .lIo, '_t sill pot (t5b)

'l'h(,se oqtmtions can 1)e iIHegrat('<l siml)ly and

with the initial COll<litions wv,.(O)-- o:v,.o, O_z,.(O)--O

gt'%'O

wr,:-- (_r+.,,--('e)e +' cos ,+1--( ',+,-+' sin ,+l

gee ;;_ cos p,,/_('ff_" sin p,,l (IGa)

_z,:_-(_rc.o--('.,)+'-" sin ,;l < ('¢ "' cos nt

" (::++*'sin p,,l--('l# "r c<_s p,,/ (l(;b)

wht, l'e

3 L, (p,,-- ;;'> (17a)
( 1-" (C j] _.12_ (],o__H)2
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(, :I/,,(C ! _'" (171))

(c+t-):_+ (p,,-_:

Now, I)v virtue of ill(, original assuml)lion that
the l)it('h nnd yaw motions are small, and as a
('onse(lU(,n('c of the coordinate system used, the
following expressions can b(, vrril tcn :

O-- f o:_-:,l!

f wzttt

Suhstitulion of equations (16a) and

these integrals with the initial

0(0)-_((I)- 0 gives

O=.l(t _' cos p,,t--l) _lJe _t sin p,>t

--l)(+ ,.t ('(is td--l') f Iqe :t sin #_l (l¢.tll ")

_b- .|+x" sin p<>t--/1(e _t (,(is p,,/--l')

--[h ::t siti td--E(_ _ <t ('os _t--1 (19b)

(1Sa)

(l xh)

(161)) iiito
comlitions

%VhI+I'U

. | ( '->X'-- ( "P' (2thi)
,4': t p_

t_ ( ':p'' + _ ''/'' (2Db)

ct_'v< ,,--f '..>)-- _( ",l) _ " (2()(')
C 2 ! l# 2

1. /,(_'v,..,,--('.) i c('
C 2 1 "11'2

Th(,s(, equalion_ I_i_.( ' tiin(, ]lL_/ol'ic, s of the l>(l(ly

aliiitld(' tlllg|t"s in |ill inertia| ('oor(liiiiil(, svslOlli

ltlkell Io lie ('()hii'i(ii,nl will| ill(, hodv ('oor(liiilll(,

s_._l(,iii 8t Zt,l't) lilii(,. T]lcso iillgh,s 0 liii(t _" ill'l,

the angles ('Olillilolilv use(I i() (li_('/l,_,_ tlio otl'eels (>1"

s])in (ill tile silll)i[il) o1' (lispiq'._ion of li vehi_'h,.

l hiwevcr, t)ody illtiludl' ll|ltllt_ (]o('s liot illlO(lUal('iv

dcs('rih(' till, (:Oliil)|('l(' liiOliOll ill Sl)l!(!('. The li('l till[

disl)el'sion ()f Ihe vehi('|(', (h'fini'd ]l(,r(,iii |is Ill(,

liligll, |)t'l wet_ii till, v(,locit.v Vi'('lor at zoro Ill|it, lili(l

lilt, vel(ieiiv vi_('lor lit |)lll'ilOtlt. is a iilU(']i lilOl'('

lii(,linhigfll] 1)lirlinitqiq" |)l,('lltist, ii (l(,|)l,ii_ls Oil lh(,

ti'llli,'_hilion of the vohi('lc, and ]icn('t' Oil tllo quart-

lilies whi('h define iis lranshiiion iiisloi'5", as well
|iS (Ill i]ic l'OliltiOllll| t)lll'llliiCt('l'S. '|'ill' |)i'e('cding

Ilrgilllioiil ('llil })t' sul)staniiated frolll lillysi('lit

eonsideilliions. Th(' (,qulilions (le|ining lh(, roili-

lionlll ilioliOli (if llio volii('h, lil'e conll)h'ieiy inde-

pendl,nl of Ill(, trllnslillionlt| inolion. (Se(,, for

exliinp|t, ('(is. (AI) to (A6).) lton('e, for given

iil(,i'lia i]llil'll(!l(,l'i:li_'s_ _l)in rale, lliid (li_lUl'l)l/il('(_,

Ill(, i'(tlliii()iilil niiilion (it' lho vohich, is ('onil)h,i(,ly

iI(,Jiii(,(I. _'ow, iii Ol'dt,r 1o gl,l l]ic ll('liilil lrliiisla-

lion in _pa('e, tile body all|rude i)lll'llln(,iOl_ iiliiSl

t)o (_on>.l)ili(!(I witii l]io iransilltion 1)aralii('lcq'_;

for (!Xiiliil)h', (,qliatiolis relating qli,qliliii(,s ._il(']i li_

lhrust iilid liltl_s ratio tll'O inlegrtited h) give th(,

tritnshitiona] lii()tii)li. _tls 1111 illll,_lrlition, ]t i_

('ertahllv l)(i._sil_h' to ||live ii spinning vehi('|(, ])oinl-

]llg vorli(ulliy upward an(I iliOVilig ]i(irizoilililiv lit

igniii()n. Tlion as ill(, iiiolor [ii'es the ve|oeily

vector ,'liiiilis al)ovc the liorizmllli|. Tiiu,_, i]ie

final diroction of the volo(!iiy vl,(.ior hils (']ulnge(1---

ilio (lisll(,rsion as (l(,finod here is rclhi('ed--hul |lie

])(/(t)" liltilu(Io tili_ reniaino(I t.ltliSttilll. All eff(,('i

_u(.]i lis this ()lit, is It(it (,vi(lelit wii(qi ()ni.v |lie l'Olii-

lional niotion ]s doJhle(1.

In oi',ler 1o iI{,llq'niiii(, "y, l]i(, (/ri(,lillilion of th(,

v(,l()('ii) vi,l'lor ill tile verii('lil ])hiii(,, l'(_,f('i'('il(:O i-_

lllli(l(, Ii. tile iiorinlil l!(itilili()ii of liiotioll ill' figure

2(li). _,iii('(, <_ 0--_,, it' i)iilv sinai| lingh'_ arc

lakt, n ]1 lo a('('Otllit tills o(llililiOli h0('OiilO:

,/_,, . 7' 7' 7"
ilt+),_l_7=mI_O+_ltl_"()_ P": (21)

in li sh Iihir lilillili(q" fl (liJl'(,r('ntili| t!(t(ililiilli l'lir X,

//

T sin $ cos pot /_fT cos

- _/'_ Horizontol reference

z_

Io)

mV_, = ;" sin B cos pot cos a +Tcos B sin a

mV_, = TB cospo# + T(O-T)

ta) Vm'ticat t)lan,'.

l:lfii RE 2. I'](!il:tii(lii-_ ,if ni,tti()ii.
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ii1(' orientatioul of the veh)('ily ve('t,),' in the h(H'i-

z(>nta] plan(, ('an_ he ohtnim,d rrom figure 2(b)"

7'
7'

T
I

'_ [ .il 5 sit_ p.l (')':')dr-t-minX .,I " --

Since only the changes in 3' (lue Io external dis-

lurl)anees raiher lhan the nn! m'al ('hnng(, in tlighl

imlh (lu(, Io gravily are ()1' inler(,sl, lhe e[t'(,(q of

_r_tvily is omi11(,11.

Now, in order lo inl(,gr,lle (,(lun(imls (21) all(I

(22), lh(' (lUantilv ?',/re.l" IllUSt 1)(' I)ul into _1.t'm'nl

tim! is easily hll(,g, raled. ]l (!I1[I 1)(' Sh(ID.rll t]lal a

I)1OI of 77.,.1" ns a, lh,n('t im_ of t i_., ('an 1)(, apl)roxi-
male(I to a sutlici(ml degree of a('('uravy t)y an

expon(mtial function. Thus, d(,lim',

lllld

]n (h(, process (d" inlegra(ing e(lualions (21) and

(22), lhe (luanlity et'-"cz_*" al)pea,'s in several in-

stances. Therefore, h) further simplify lh(, inte-

gration, it was assumed thai

e_''q"i:"*_'m ( ',e'"-" (24)

,,xb

4" TcosB

]f equation (23) is subsli(uled inlo equations

(21) and (22) along with (he expressions for 0 and

from equal ions (19), i.legralion of i1., resulting

linear different ia] equal ions, utilizing equa! ion (24)

and llm inilial ('ondilions y(()) h(()) 0, 2,iehls

{E '_='_ : ' --,,+k)--/,,,lh.('. ._FA/,,,e:-'+_>'-] . Be(;:_+_"'(iT, , k)
_k,, _ ,h: __' '5,*:"+e::(',;]

+ a::':,,,-] . rt::,_-.)_,_-,--,-,-,,:,,_,__-_,,q F,,D:-,. _,,-H_,.--,-_,,(_,7-.)-I

g,t &t 7", 7", : }
- _ -_ -_[A" D_-] FAv.,+z,)-I#,o,.... - _D"_-_')+L"__ A+D+ _'-I

L (., (,, J L ((,,-}lc)-+p; ((,,--c) +,, -P= G _+p_,j
(2.5)

_F('.,Ie":q F.l)e:' "' 5; ,._k'e,7,-,,,q ,,1 rl)e,_ :,,(_ .)+,,IC.'_ ""]Pi L{ )'' J sin l'"t +l " -if" "-- '" " /cos -- - sin,,tL ((._,--c) 2 ." J L (7-',--c)'-' _ ,'-'

+Lp:+ E:J--L T..,tk)=:-ij,_, re 1'',, ((._,-c)'. ,:- (., .:J./

62196& 62 -- .o

(26)
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Then, be<'aust, of Ill(, a_Smnl)liotL of _lltall attgh,_,

3" and X van 1)(, ('ond)illcd ve('lorially 1() giw, a, 1t.,

iingh' b(,Iwct,u Ihc fixed i'ef_'ren('e lino aN<l II.,

v('lo('iiy vector:

wilh the assuJuplioil _L 1, sul)slitulion of cqua-

lion (31) into (,(luali(m (30) gives

:y (,;]:) t32)

A disturbing t)at'alm,lcr consisting of a l)ritwi-

i)iil-axis misalin(,ttuml can bo haudh,d iN lh(, fol-
lowing Jmiun(,r. Assure(, thai l]_(, mass cl(,m(,_t

causing ilu, dy,uimi(' unlmlaN_'e can lw l)liu'ed o11'

the ('t,nler lira, of the v_,l,i.'h, it distau<'e /6, I'r.Ni
ih(' <'ontt'r of rotation, mid that it hits ;t mass

.+,. as in sketch I. 'l']tl, momcnt al,()ut the _'_,l,t_,t'

c.o.

Sk_gch 1.

of gravity due lo this mass eh,meill, is

(2s)

Now, th<, l)ro_lu('t of im'riia <lu(, to lhis mass is

Ix++ x.y,,.+,, (2.q)

llen('e, tht, momt,nl can be written hi term: of (he

l)rodu('t of inerliil:

.I l - p_, Ix r (3()')

It may lit, desiral)h, to t,xl>ri,ss the i)rodu('t <if

inertia it, terms of the principal-iixis misaliiu,-

tuenl angle +. Froni th0 l)roperties of m<)m(,nts

of inertia it is l,;nov,,'n that tlt(, ittlg'l(, + })(,tv,,'oen
the priiwipal axis au<l the axis al)out whid_ the

nloments ait(I i)rodu('ts of inertia are ('Oml)Ulc<t

is given 1)y

21.vr
tan2_ lx--I (31)

If, as will be the usual citso, the 1)ro(htct-of-iiwrtia

term is due to constrtwli<)n te(qini(tt. , or l)hi<qng
of ilistl'llliWlltatiOli, the l)roduct of inertia will lit,

('Imstant, the small ('hiing<, due to the Ci,litt,r-<)f-

_,,_l'ti\'itV shift din'hi_z }lill'ning being llt,gh,<'ted. In

lids ('liSt', i_ will I)c i_ funelion of ihne. The lhne

hislot'v of + ('till ])(' t!(tlill)ill.t'(t fi'oill ellUlilion (31)

sin('(, Ix lin(I 1 lii'e l(nm, vn lit iiny tiiu('. Theli

If this i'xl)ression is use(l hi ettuation (14), iin<l :1[,

iilid _" :il'(' t't)llil(l }iV It <+Ill'V(' fit, sohlliOli <if e(lUit-

lions (25) iilld (21i) will yield iiistories ()t' 3' iin(I X

due to li I)rin(ql)iil-iixis Jnisiilineni('iil e.

It shouhl I)(' noie(I lilal, to lh<' (l(,g'l'(,i, (if alilii'oxi-

niatioi used hel't,iu> lilt, eti'i,(qs (if lit(! vliri(itlS

disturbing ])ltl'itlli(q(ws (!0At llo (!onil)ine(I |lilt,ill'iv

lo yM,I tile lot lil disl)er,_ion. For exmilple, o(tIliL-

lions ('2-5) ((.ill| (26) ilili.V lie wrilleu its il. lilieitA'

conil)il it.lion (if |Oi'liiS (,It('i!. of wllich is a ftin(qion

of wre,<, .l[o, or ($ but ilot of IHly l.wo (if lhe viu'ill.liles.

Ii sltould lie furt]im' noted l]ilil, again to the

degree of approxinill, tion lisSlilllOd ]1(,1'o_ t]lo iuiglt,s

")' lm(t k, Itll(l consequently tim t,oial dispersion a,

viii'v lintquqy with 0_y+., and .1[,, if liik('li Selili-

rlili!ly, so thiil it is noL II(,(_(,++ill'V t(i Jllilk(i il

sopill'iltO clllculitli<in for ea<'h viihle of JliOlllelll ill'

])it<_]i :tile (h,sire(I. This ]inolirily is Slli)l)(tl'l(,t]

liy L]I( (!illcllhiliOliS ])l'rforiileil ()li lli(' II/XI 704

(_()llll)tll('l' , its ilhlslrlitcd hi sev(,rlil (if lhi' [ilZtll'("s.

IIESULTS AiD DISCUSSION

A (',lnil)iiris()u of the I'OSllils (if the nuinericiil

inlegl'lilion (on i]i(, IBM 704 (!OlUl)Uler) (if liie

exa(',l .,(lUitiioliS of ni(ili(in Kivon hi ill(, lilq)(,ndix

will( lhe resuils (if the linlllvlicill sohltions de-

v(,lolie:l ]ierehl is Jiillde hi tlKtll'('s 3 lo lil. The

(luanti.il,s 0, _, 7, X, liud o- \viq'(, ciih'uhih,(I fl'iiJii

e(lUitli,)ns (l(.)li), (lgb), (25), (2li), lin(t (97j,

respeclivel3". Ttie (.oii_lluils used lil'O given in

l,al)|es I tl.ii(I 1I. Figures 7 t() 16 Ill'(, pioll¢(I for

1--30 ;coon(Is (lmrnoul). Til(,s0 tigiu'(,s set're ll

dmlb|e purl)oso. S,in(;e liol ovol'VOliO ]ills iioc(,ss

Io (in l llX[ 704 or Io a (_olitpuler of sultiCiolil

(.ill)al)iily illid slot'lig(J ciipacity to poriiiil, lhe

t)rogrii (ling of a |)l'ol)h,in lls _()lnplei li_ il six-

(]t,gr(,l,+of-frt,l,d<)lii rigid-body iinld3"sis , lllli]l}-ill-

vesligllors have lirol)ill)ly (h,veh)l)(,(I lilllilyiiclil

l'l,slills wilhoui being ill)h, t(i check ltie lt(_(!lll'itcy (if

lheir l l('lhods. Tllus, iho fiKures preslqite<l Cilll

Sl,l'V(, Ill clie(_l{ lh(,s(, lilt,1 hods lilld illlliciit.e regions

(if vlllidily itlid alll)licllbiliiy. A1 lho saiii(_ liili(,,

lhi, Iigiii'es SOl'V(, lo ilhislrille lhe ll('('lll'it(!v of llw

;ililihli(_ill liielhod dcvololied heri'ili. A;-:, can lie
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O,deg

,_--_+_+_:+o;o:;'] + I,/t
r'\\ +", +.'_' i i __i +

+c,....:,+o,.+oo+++--+ + +' °Y L
171G I'RI,; :_.

i

i %0,deg

[rlld:ilnl)l,d body aililu<h', p,, _0 i'l)lli ;
_i --I). I(I °.

liioliotiS, which iii'<, lhe ])til'itiiit, lt, l'S of liriliillry

illll,l'(,sl, til'l., life,liNed l'iii.hi,r well. Thi._ (.ilrvp

<]()P+ ii()l ill('lil<h, the iql'e('l <)f jet (]tillll)ill_'.

]?igtll'(, 4 shows lillil, hisllil'ies of lhe deviati(Hi

tlf tile veh)ciiy V('<'.tOI" a. 'rti(, ililalvli(.ill Jllellio[l

lirl,(li(qs rt,sllhs ,,vhi(dt ill'p sliv.'htly ctHISt'rvillivl'.

In figlil'e._ ,5 iilid ti ill't, l)hilled liin(, hisloi'ies of

the l)itch l+]ilh,r till/h, 0 iliHI the VtlW ]Cuh,r ;lllgl(, _,

I
+ i

i

./ I

---- Anolyticol

i'Ex.°ci'., i

0 4 8 12 16 7'0 24 28
Time, see

Pi(;t-llt.: -I. -])l,viitti()ll of vPh)eity ve('l(ir :t, :l flill('li(lli ()f

iiliu', for tt lhril-d, lilisiilill_,lnt,lil :tll_li, 5 (if 0.10 °. [_lJ-

(ltilltl)t!(t holly; p,, 80 ri)Ili.
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the agre0nwnl is only fah' (again tim frequency is
in m'ror), lhc amldilmh, of ;:_9_t_ :: is i. good

agroeme.t as seen from fi_ure 3.

Figures 7 to 15 show lhe effect of Sl)]ll rnte on

t,h(' deviation of lit(', w'h)city v(,.tor 0 for sewq'nl

wlh.(,s of t hrus! mim_tlinem(,tlt, princil)al-axis mis-

alin(m.,nt, and initial pilch rat,e. Those figures

are all plotted for t 30 seconds (t)urno.1), aml

tigures ,q, 11, and 14 inrlude the effecl of damping

in ])il(!h aml 3row. A_ain the ,nalvlir,:d results

are (:omt)ar(,d wilh tile machin(,-i.t(,grated resulls

and tim agr(,(,m(,nl is seen lo be good in all cases.

Th,, lim,arilv of ,, with tho ma_nitluh, of the dis-

lurl)ing lmr_lmi,ters, :is predicle_l by the almlytical

results, is shown iD tlgures 9, 1'2, and 15. For the

I'llWlg{" t)[ lira .lislurbing I)aramel(,rs chos(m, this

lim'arilv is sul)slnnliat(ql b 3' the l|l_l(;hiwle-illle-

gr:d(,(I results. Irigu]'(,s 7 1,O 1.5 show lh_|l, spin is

very (,tt'e(_tiv(' in reducing Ille (,tt'e('ts of thrust

nJisalim,m[,nt or initial pitch rat(,, t)ut, is con,-

f)[etely in('ff('cliv(, in r(,(lu(4ng th(, eft'(,cls of

l)rin(gl)nl-;ixis misalinem(,nt,. Ttle r(,:lson for tiffs

in(,ff(,(_tiv(,n(,ss is that the ]figh(,r the st)in rate the

greater the dist uri)ing mmn(mt, (tuc to the dymmlir

J Exact

i

i

80 120 160 200 240 280 320

Spin rote, rpm

l:l,;rm,: 7. I:,ff(,rt of spin rat, c on th(., drviatim_ ()f the v('h_vity veulor due 1._ :t, thr.st, mis:_lil..mrld angle a. I'ndamped

b(,(ly; g 30 s(,('ond:., (bllrn,)lll).



]2 TECHNICALREPORTR-110--NATIONALAERONAUTI(SANDSPACEADMINISTRATION

J 1 1
0 40 80 120 160 200 240 280 520

Spin rate, rpm

FI(_URE 8.--Effect of sl)i]L r,_te on the (levialion (if the velocity vt, ctor due to tt lhrust mis.ditlemetL1 :u_gle _ _)f 0.10%

])'_ml)ed body; t 30seconds (blrnout).
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m

I

2O00 80 120 160 240 280

Spin rote, rpm

]"I_;t'RV: 1 I.-- ]']tfe('t of _])in rid( . on the dt,\'iaiiun of lh(' vch)city vuutor due to :i prin('it)_d-ttxi,_ mi,_:tlincmunt

0.1(I °. ]);tlnpcd [)()(]y; t: 30 st,(%)ll(iS (|)llrllOl.lt).

320

:ulgl{' _ of

.28

-- Exoct

Po'rpm
300

80
_0
zO

J L
0 .02 .04 .06 .08 .10

Principel-oKis misolinement onge, deg

]:lq; t;l{]': |_. ],in(_:tr (4feel _f t_rim'it)td-:l_i: nfi_:dim,nmnl

_|l lhv d_,vi:Hi()n [if lh(_ vvl_(.iiy v_,('i[_:" f_r ,_rvvnd spin

r:H(,s. [qH|:ulq)_,(l h_(ly; I 30 ,..(,(,ond-_ (I)urn(mt).
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I

I

i

80 120 160 240 280 52C

i

J

200

Spin rate, rpm

]"[(;t I._].: 1:'I. ]':f[('(:t. (ff spin r:tl(' orl ih_' (t(,vi:_tioll of lh(' \'('lo('ilv v[,cl[)r (Ill(' i_) :tn initinl l)itt'h z':tt_' q,_. [-nda]lli)t,J.

h(,dy; t ::_() s(,('oll(l.-, (t lrr_ ) tt:_.

tml,uhu_ct'. (,":.'(' ('q. (2S .) Sin('t' th(' disturl)in_2'

_n()]u(,nt is 1)rol),)rtiouul to P0, :tn(I sin(.(, th(, r(,._tor-

in,.z' J_loJu(,ut is _,ss(,uti_dlv I)rol)ortiotml to 1,"1)o,

the spin rule do_,n nol _H)i)(,_r in th(_ I)ar_um,t(,r

(It, It, training lh_' im_gnitu(h, of lh(' disturhnn(_e.

]:igur(, 1(i is l)rovi(l(,(I to show the (h, vi,ttion of

tit(, v_,lo(dly vt,(qor _s _t function of spin rule for a

sl)h(,ri(.ul roc'l,:ct motor with (:har_t_de]'isti('.-; :t_

given in tal)h, I[. "l'his plot (lo_,s noL in('lu(h, th(,

(,It'e(q of jet (laml)iug. in thi_ motor th(, r_ti,)
/x/I varies fro, l 0._2 to 0.32.

The ligure in(lical(,s tim[ ('_ution should b(, us('d

_vh('n the variation in iu_,rtia ralio is large, lh)w-

(,re,r, even in this extr('nu, ('use or(h,r-of-mt_guitu,h,
IIUIIII)('I'S (_111 t)(_ oh|_lill('_[.
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-- ----Analytical
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J
200 24.0

I
0 40 80 120 160 280 320

Spin rote, rpm

l-It;l'Rl': l-t. EIl'('ct of ._I)in rat,, on Ilw (I(,viali(m of Ih(, v,,l(_cily v(,('l _r due t(_ m, inili:d pii('h rat(, q,_ of ().5() d,._--,.c.

l)aml._d I_odv; ! 30 ,_(,(,(,nds bm'n[)m).

.5

Y

e"

.9.0

>.,

'*5

8
o

A

: Sp n rate, rpm/i

0 .2 .4 .6 .8
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The effects of spin s|abilizalion on the flight-

path angular deviarion caused l)v initial lfilctdn_Z

rate. lhrusl misalim'mem, and principal-_xis mis-

alim,mvnt have heen evaluated b>" an approximat(_

amthlical solution which yields the, flighl-l);tlh

angular dt,viati(m as a flmction of spin tar(, for a
vehic](, whose )mtss and im, vti:l l)rOl)(,rti(,s arc

varying with time. Agreem('m wilh a mmwrical

inlegrali(m of the six-de_,'ec-of-fre('dom equalions

of motion was forum to 1,c good in all cas(,s in

which the inerti:_ ratio was (,ssenlially constam.

Spin stabilization was found to t)e very ett'eclive

in averaging out. the errors ('aus(,(I t)y initial pitch
rates and thrust misalin(,m(,ms, 1)m, was com-

ph,|(,ly i]l(,tt'(,(qive in conlrollin,_ lhe errors itl tlight-

path angh, (lu(, 1o 1)rin(_il)al-axis nfisalinem_,nl.

I,AN(;LE't" ]{ESEAI{('t[ ('ENTER,

NATIONAL AERClNAI'TII'S AND _]'A('.E AI)M'INISTRATIOX_

I,AX(;LEY A]r_ IQmUE I'L_sE, V:,., .Ipri121, 1:t6'1.

CONCLUDING REMARKS

Spin rate, rpm

l"I(;Y]{r: 16. I':ff(.ct of spin l':tl(' Oil tilt' (h'viali(m of lh_' v,'h)city vector due t(, :H_ al)l)liP<l IltOllWIi1 l'(:,r :t 25-illch Hi)lit!r-

if'hi ro('k(,t motor. [:nd:_ml)(,d hodv t =30 _(,c(m(ls (Imrnout).



APPENDIX

EQUATIONS OF MOTION IN BODY-F_XE1)

The svnlllols used hi this appendix are defined ¢

as follows:

l'_-,l"r,l'z (.olnlionenis of external force nlong i//

l iie body A'--, K--, and Z-a×is,

r('qwct ively, lh

Ix.lv.lz lnonlelliS of inertia about body

.V--, }_-, and Z-axis, resliectively ,

shlg-fl _

lxz producl of inerl iil, slug-ft 2

l Ir i)r ]z (where lr--Iz), slug-fl ,_

/,.,mi,ni direction cosines Iwtwe('n inerlial

IIXI'S illl(| hodv-lixed llxvs, ; :1,

2, or 3

3[x..l[r,_l& exlernal JiiOIIlellls ill)out body .\+--,

}+--, illld Z-axis. I'eSp(,clively,

fl-lb

m mnss of vehicle, slugs

]Jqd' ailgullu'-ve|o/'ily conlplmelltS of

vehirle about body .\'--, )'--, and

_Z-lixis, l-PSl)l,lqix'ely, I'Itdiitns/s('c

,>'<.,X |Ollgiludinal distance fl'Olii vehicle

Cpliler of gravity lo j(% exii, fL

[ T,],{ T:],[ 7],] t rllllSf()l'llllt I ioi1 Ill,it riot's

u,,,,, veloril v COllll)Ollt'lltS ltf vehicle

illOII}I ._'-, )r, Itlld Z-llXiS, l'l'sp('c-

lively, fl/sec

V vehicle vehmiiy v(,clol', fl/sec

..\', }',Z ortiiOgOliili l>odv-axis S",'SIOlll

7,._,- COOl'dinillt's ()f cl'lller Of Kritvily of

vehicle lilollg' A'-, }'-, lllll] Z-ilXiS,

reslwciively , fi

.Y.I',Z fixed ()rtlioK()llil] axis SVS1OIII C()ill-

cidelil wilh t)odv-nxis svslelii Itl.

zort) 1 ilile

.y tll'ielllliliOll of veloci/v vector ill

Vel'licill l)htllC, radiilllS

0 tiilrh Euh,r llllg'i(L I'i(([iilllS (extwpL

as uoted)

X oril, lltlllion of velocity V(q'lOl' in

horizolitlli I)iali(', i'ndilins

o- l()lill orh,nllilion of velot'ily votqor,

l'adiilns (excelil l/s noted)

AXIS SYSTEM

roll Elder angle, radians'(except as

noted)

VIIW Elller llll_]e, l'ltdilillS (exl'ellt

ItS *lOt ed)

A II()t ov0r it (lllltlliily (lelloles (lil]'erentilllion

with I'eSl)e(;1 to lillle.

The rigid-lJody equiilioils of niolion i(s pro-

gi'iiJned on liie IBM 704 eieclrOllil; cOlilpliler ,Ire

th0 slllll(|ilr(l six-(h,gree-of-freelltinl ell*lilt*OilS O[

]nolion found in mosl aeronaulieal texll)ooks on

dyliltllli4_ slabilii,y (for oXlillli)|o , ref. 3, ('(i s. (1 t) -11 ) ),

with dauil)ilig ill pilch it.lid yaw added 1o *lie

seCOlld lind thir(l Jil/)lllOli[, 0(llllili()llS, resl)elqively.

'I'twse equlllions ill'0 i'el)eltled here for r('f('rOll(.'lL

TIll' lhl('t' force e(tuliliOllS IIl'('

m(il--rr+w,t) _I'_- (A1)

m (i'-- wp + u,') = Y], l"r (A2)

m (*b-- uq 4-U[) -- _ I') (A:')

tllid (tit lliOlilOlil e(lUlttiOliS hlrhlding jet dlilill)ilig

ill'l;

I.-1) Ixzi' f (Iz--Ir)qr--lxzpq Y'.ll.v (A4]

[vq i (lv--lz)rp rlxz(]/ F'-)

-a]rq-_-fiu'_,xq :'>'.l/v (AS)

&i'-- Ix,l) q ( lv-- lx ) t*q+ I:vzqr

i Izr{ fi.'_..vr _.llz (A6)

Tile llliUllities used here Ill'l* referred Ion sel of

axes li:cd to lllid rolling wilh lhe luuly, wh('TOilS

l]ie luil]ysis ill lhe 1)od 3" tlf tilis ptilier is referred

lo it set of nonrolling axes.

The lUlUltilies U, +', W ill*([ ].L q, #' are fOllllll })v

hilegrli ion of lhese (,(lUlili(ins 1)y lhe ]lunge-

Kllllll ueliiot[, luid tu'e lhon lrlinsfornied io it sol

of hler illl itx('s. 'I'll(' folh)wing lissuiui)liolis lilT'

liliide 1 ) sinil)lify lti(' ilileTl'illiOli:

_[ ),ill'Ill. 'a, and liro(lu(qs of inei'lia vary

inelu'|y wiih liiilt,

18
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Mass vari(,s linem'lN \vilh tim(,

D,mlt)ing ('o(,tli('i(,nls (7):tr_..v-_ I) are <'onstant

The im,rlial (tuanlili('s _u'e f(_tm<| 1)3" mr,arts of

tile following tr_msfol'maltion (,(lU_llions +ret'. 4):

=[T, II;/'=d[7':d , (A7)

Ll_J

where th(, mmsfol'tuntion ]natri('_,s [?'d, [T:.], _l_(1

[7"_] ure given hv

[ :]cos .g, --sill _b t}

[7",] sill ¢ cos ¢ I

l) t1

(A.,",)

I ('os 0 (i sin 001
() 1 (i

sill 0 11 ('os

Ag)

l () () 1

['I_,] () _.(l_ 0 --sill 0 (AI())

0 sill 4' ('o_ 0 J

51-tlltil)l.,,-il_g tl_(, ttltttt'i('os giv<,s (,<itlntii)n (i7) .ns

\V}] (,l'( +

.+qr',
-_1 L/,+

/... sill ,;1,+cos 6

/:_ =--sill 0

. It ,1 '
Ill _

,,l:+,,,+JL+VJ

m, ,'l,s _ sin 0 sin 4'--sin ¢ I'(ls ¢,

t,,+ sin ¢'sin Osin 4'{ ('lls ,Coos4'

,.,_:+ ('os 0 sill 4'

_*L--COS ¢ Sill 0 ('OS 4' I sin ¢ siJl

,t: sill ¢ sill 0.0S 4'--('os ¢ sill 4'

II,_--(+os 0 ('()s 4'

(._11)

(A12)

'l'h(+ nngular t't_t(,s p. q, ,,' nl)oul lho t)o(1\ nxos
'tt'e tn'tmsf()rmo(l to _mgulal" t'_tes _, O, O/ _tl)(:,ut tile

Sl)II('(' tlXe.q l)g lll('llllS of Ill(, following lr+msfornmt-

tions (t'('f. 4):

_) 1"-{ trill 0(+/ Sill 4>d ,+"('()s 4') ]

)0 q cos4'--r sill 4'

¢=_,0s b (q sin 4'4 v .<). 4')

(A ] :+)

il)pli(.ation of th(,s(, trat_sf<)rmntions to the t)ody-

axis (ltmntili('s +,', _', +_' 'm(I 1), q+ .,' 3"i,Phls tim(,
histori(,s of 7', ,_, - an(t 4,, 0, ¢. Th(,n, fr(:,ln Sl,:l'lt+ll

2, T, X, un(l <7('ItH l)l, found:

-P I v

// r /
/ I /

/ I /
/ I /

/
,z'__ __ J/

z

Sk_'teh 2.

Thus,

+=-tltn-_ ' [
X :t_tn + •3

,I' i

,,",_ :_ --'2

a=talt_l+% +,_ ,-+ '1

5: .j

(il 4)
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